a family of finite dimensional pointed unimodular ribbon Hopf algebras constructed for the purpose of computing knots and 3-manifold invariants.
Ž .
X
This family generalizes the well known quantum group U sl where q is q 2 a root of unity. The purpose of this paper is threefold. First, we prove the uniqueness of these two families with respect to certain properties. Second, we focus our Ž attention to U , we find all its possible ribbon structures up to a Ž N, , .
. natural equivalence , and in the process describe its group of automorphisms and all its sub-Hopf algebras. We also find a necessary and w x sufficient condition for its indecomposable component containing 1 Mo to be quasitriangular. This condition depends only on the integers N and Ž . . For example this condition implies that if N, s 1 then U s U and Ž1. is an indecomposable minimal quasitriangular Hopf algebra.
Third, our results are applied to the familiar U sl when q is a root of q 2 unity and, moreover, to compute various knots invariants. The paper is organized as follows. In Section 0, we discuss briefly some aspects of the theory of finite dimensional Hopf algebras needed in this paper, especially the notion of skew primitive elements. In particular, we prove that over a field of characteristic zero if ⌬ x s x m a q 1 m x and Ž . xa s ax where a is a grouplike element, then x s ␣ a y 1 for some scalar ␣ in the field. We then review the notions of finite dimensional ribbon quasitriangular Hopf algebra and the Drinfel'd double.
In Section 1, we show that over an algebraically closed field of characteristic zero, the family H captures all possible finite dimensional n, q, N, Ž . pointed Hopf algebras H, generated by G H , a cyclic group, and one nontrivial skew primitive element.
In Section 2, we show that over an algebraically closed field of characteristic zero the family U captures all finite dimensional pointed Ž N, , .
Ž . minimal quasitriangular Hopf algebras U, generated by G U , a cyclic group, and two nontrivial independent skew primitive elements. We then Ž find all possible quasitriangular structures on U up to an equiva-
. lence and show that they are all ribbon.
There are two distinguishable cases depending on the natural numbers N and . In the first one, we prove that there exist only finitely many equivalence classes, whereas in the second one there exist infinitely many such. In both cases, these classes are completely characterized. The well Ž .
X known example U sl falls into the first category and we apply our q 2 results to it. In particular, we exhibit all the possible R-matrices which render it quasitriangular. Finally, we use an 8-dimensional member of the family U , namely Ž N, , .
U , to compute invariants of lens spaces. It is satisfying that this Hopf
Ž2, 1, y1.
algebra distinguishes rather easily between any two lens spaces, and, w x moreover, shows that Hennings' 3-manifold invariant H is not trivial.
PRELIMINARIES
We will focus on some background material from the theory of finite dimensional Hopf algebras needed for this paper. The reader is referred to w x Sweedler's book S as a general reference. Throughout this section, unless otherwise stated, H is a finite dimensional Hopf algebra with antipode s over the field k.
Suppose that H X is also a Hopf algebra over k. Then a map of X w x bialgebras f : H ª H is a map of Hopf algebras by S, Lemma 4.0.4 . The Ž . w set of grouplike elements G H of H is linearly independent by S, Prop. Next, we give a very brief description of the underlying Hopf algebra Ž . structure of D H , the so-called Drinfel'd double of H. The reader is w x w x referred to R2, M for details. We follow the conventions of R2 in this paper in describing the double.
Ž .
Ucop U As a coalgebra D H s H m H. Set p j a s p m a for p g H and a g H. Multiplication in the double can be described in several ways. The following are very convenient:
² : 
where m is an integer and / 1 in k U , and
for integers m, l such that 0 F l F m and / 1 in k U which is not an ith root of unity for any 0 F i F m. 
If is an nth root of unity, then a q x s a q x .
The following lemma will be very useful in Section 1. Ž . is cosemisimple. Since B is also pointed it follows that B s kG B s k a . This concludes the proof of the lemma.
We recall now the definitions of finite dimensional quasitriangular and ribbon Hopf algebras.
is said to be a quasitriangular Hopf algebra in the category of finite Ž . dimensional vector spaces over k if the following axioms hold r s R :
is a bialgebra map and QT.5 is R Ž . satisfied. Observe that QT.5 is equivalent to
and h g H.
We shall also say that f is a quasitriangular map. It is well known that R the double of any finite dimensional Hopf algebra over k is quasitriangular. Suppose that f : H ª H X is a surjective Hopf algebra map and set
We define an equivalence relation on the set of all quasitriangular structures on H. Ž .
Ä Ž2. 4 and r R s sp R . Let H be the sub-Hopf algebra of H generated by
Ž . l R and r R . In R2 , Radford has proved that l R and r R are sub Hopf algebras of H. Furthermore, there exists an isomorphism of Hopf Ž .
Ucop

Ž . algebras f : l R
ª r R and a unique surjection of Hopf algebras F: 
Ribbon Hopf algebras were introduced and studied by Reshetikhin and w x w x Turaev RT . The reader is referred to R1, Sect. 2; KR1, KR2 for an extensive study of ribbon Hopf algebras and their connections with Hennings' and Kauffman's invariants.
In this paper, we shall use the following notations rather frequently:
1. Let G be a finite group. We denote the order of an element
The group of units of the integers modulo N will be denoted by ‫ޚ‬ = . N 3. For any m, n g ‫ގ‬ the greatest common divisor of m and n will Ž . be denoted by n, m .
DETERMINATION OF CERTAIN FINITE DIMENSIONAL POINTED HOPF ALGEBRAS w x
In R1 , Radford defined and studied two families of finite dimensional pointed Hopf algebras H and U .
In this section, we prove that H and U are unique with
respect to certain properties.
1. 1. The Family H n, q, N,  w x We recall the definition of H as given in R1 . The reader is n, q, N, referred to this paper for an extensive list of properties of this family of Hopf algebras. < Let n, and N be positive integers such that n N and 1 F -N.
< < Suppose q g k is a primitive nth root of unity and let r s q .
As an algebra H s H is generated by a and x which satisfy the 
as an algebra H is generated by G H and P H .
a , 1
We show in Theorem 1.1.1 that over an algebraically closed field of characteristic zero, the family H is unique with respect to properties n, q, N, 1᎐3. Ž . 
Ž . Ž .
Moreover,
But, by the same argument it follows that ⌬ x s x m 1 q 1 m x , N < hence by Lemma 0.2 it follows that x s 0. Since r N we conclude that
Since G H is linearly independent it follows that either ␣ s 0 or a r s 1. In any event, x r s 0. Since x / 0 it follows that r ) 1.
This completes the proof of the theorem.
In the sequel, we shall have a use of the following lemma. . In particular, n s n and r s r . ² : w Ž .x Ä i j < We wish to show that X, x / 0. By R1, Prop. 7 b , the set a x 0 F i 4 ² : FNy1 and 0 F j F r y 1 is a linear basis for k a, x , thus we have
Now, the equality X, xa s X, ax implies that s and the 2 2 ² : ² :
< < Assume that 2 holds. Set n s n s n and r s r s r where n s
n, , N,
for all 0 F i F N y 1 and 0 F j F r y 1. One can routinely verify that
Ny1 ry1
. This holds if and only if
for all 0 F k F N y 1. This is equivalent to the matrix equation to this paper for an extensive study of this family of Hopf algebras. Let and N be positive integers such that 1 F -N and N ¦ 2 . Suppose that g k is a primitive Nth root of unity. Let q s and < < < 2 < rs q s .
As an algebra, U s U is generated by a, x, and y which satisfy the
following relations:
ay, and yx y q y xy s a 2 y 1.
The coalgebra structure of U is determined by
a s 1, x s 0, and y s 0. We shall need the following lemma in which we determine the skew primitive elements of U .
Ä 4 Ž .
1.
The set x, y, a y 1 is a linear basis for P U . w x discussion following R1, Prop. 11 that U satisfies the following:
2. as an algebra, U is generated by G U and P U , and
3. U is a minimal quasitriangular Hopf algebra. w x Remark. In R1 , Radford has found that for In the following theorem, we show that over an algebraically closed field of characteristic zero the family U is unique with respect to proper-
ties 1᎐3 and the properties described in Lemma 1.2. ii follows from Lemma 1.2.1. 
for 0 F i F 2 y 1 and 0 F j, l F r y 1.
Using a similar argument to the one used in the proof of Lemma 1.1.2 Ä i j l < 4 yields that the set A X Y 0 F i -N and 0 F j, l -r is a linear basis of U U . At this point it is easy to check that the map f : U ª U U cop given by
is an isomorphism of Hopf algebras. Assume that 1 holds. It follows from Lemma 1.2.3 that there exist Ž . ² : ² :
Let f : U ª U U cop be the isomorphism of Hopf algebras which exists by < < Here is a primitive n th root of unity and r s for i s 1, 2.
Moreover, as an algebra U is generated by a, x and y. Since U is w Ž . x minimal, R2, Prop. 2 d , Thm. 1 imply the existence of two sub-Hopf algebras B and H of U such that U is generated by B and H and
, H as Hopf algebras. In particular, B / kG B and H / kG H . Ž . Let C : U be any sub-Hopf algebra such that C / kG C . Since U is Ž . pointed C is pointed as well. Since C / kG C it follows from Taft᎐Wil-w x son TW that C contains a nontrivial skew primitive element P. Without Ž .
i loss of generality, we may assume that P g P U for some 0
By condition 3 of the theorem i s . Thus ⌬ P s P m a q 1 m P and Ž .
a ; C. Since P must be a linear combination of x, y and a y 1 we conclude that there exists a positive integer s, 1 F s F N y 1 such that Ž .<Ž . Ž Ž .< . N,s N, hence N, s and C is one of the following sub-Hopf algebras of U:
Since B and H generate U, the mutually exclusive possibilities for B and H are therefore the following:
B s k a, x and H s k a, y or vice versa .
Note that 3᎐5 can hold only if s . such that ␣␤ / 0 and ␥␦ / 0 In this section we consider the central property of U s U , namely
Ž . w x the fact that U, R described in R1, Thm. 5 is ribbon quasitriangular. Ž . First, we find all possible R for which U, R is quasitriangular and furthermore show that all of these are ribbon. Finally, we determine a Ž . Ž X . necessary and sufficient condition for U, R and U, R to be equivalent. There are essentially two different cases. The first one is N s 2 , where Ž . is odd and the second one is N / 2 . We show that U, R is a quasitrian-² : ² : gular Hopf algebra with R g k a m k a if and only if N s 2 , where is odd. We also show that in the first case there are infinitely many Ž . nonequivalent ribbon quasitriangular structures on U, whereas in the second case there are only finitely many such.
In the process, we describe the group of Hopf automorphisms of U Ž Ž . . which we denote by Aut U and find all the sub Hopf algebras of U.
Hopf
We find a necessary and sufficient condition for the link indecomposable component containing 1 to be quasitriangular. We also consider Ž .
X w x rather in detail the special case U sl introduced in RT and apply q 2 another special case, namely U , to Kauffman's invariant for knots Ž2, 1, y1. w x w x K, KR2 and to Hennings' invariant H for 3-manifolds.
The Case N / 2
In this subsection, we shall assume that U s U , where N / 2 .
We shall need the following lemma.
. of U and R g k a, x m k a, x it follows that k a, x , R is quasitriangular.
² :
, where q s it follows from R1, Coro. 3 n, q, N,  that N s 2 , where is odd. Since this is not the case the result follows. there exist three obvious sub-Hopf algebras of U: In the following theorem, we show that essentially the various quasitri-Ä < 4 angular structures on U depend on the set U s g N . Moreover, we show s s Ž . that once U, R is quasitriangular it is also ribbon.
where N / 2 and let U be as abo¨e.
Then:
The following are equi¨alent: 
Ž .
iii U s U . Hopf algebra. Ä 4 Since x, y g U and U is generated by x, y, a , all that remains to show 
Then it is easy to verify that
Since <Ž Ž N, s. . rŽ N, s. < < < that q s and q s q s r, the result follows easily from the definition of the family U . 2 b ii to check that s a s a aa , but this is obvious since
Motivated by Theorem 2.1.3, we set
A few remarks are in order. . It may happen that N will be properly contained in N . For with a group algebra.
In the following theorem, we show that U s U and find a necessary Ž1.
Ž . and sufficient condition for U to be link indecomposable i.e., U s U .
Ž1.
This condition depends on the integers N and . Moreover, using Theorem 2.1.3, we find a necessary and sufficient condition for U to be a Ž1. minimal ribbon Hopf algebra and show that it is equivalent to U being isomorphic, as a Hopf algebra, to the tensor Hopf algebra of U with a Ž1.
Ž . subgroup of G U contained in the center of U. 
See Example 2.1.9 for a case in which U is not minimal quasitriangular Ž . hence not quasitriangular . We now turn to determine all the possible quasitriangular structures oñ = U. For any s g N we define a subgroup of ‫ޚ‬ as follows: 
Finally, it is not hard to check that f : U ª U given by f a s a , Ž .
Ž . 
following theorem, we describe all the minimal quasitriangular structures on U s U , where N / 2 with respect to the equivalence relation
given in Definition 0.3. 
Ž .
Ž . ii The proof is similar to the proof of part i .
iii Follows from Theorem 2.1.6.
This completes the proof of the theorem. by Corollary 2.1.8 there are four nonequivalent quasitriangular structures on U given by the above R and R and It should be noted here that similar computations have been made by Ž .
X 4 w x Kauffman and Radford using U sl where q s 1 KR2 .
